Oscillateur conservatif
linéaire a un degré de liberté
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%Retrouver |’ équation du nouvenent du pendul e sinple avec |les
équati ons de Lagrange

A = inread(' | M5 0324.)pg');

i mshow( A) ;
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clear all

clf;

W=2*pi ;

syns q t ;

b=' D2g=- (2*pi )"2*q" ;

g = sinmplify(dsolve(b, q(0)=1","Dqg(0)=0"));
% on trouve g =cos(2*pi*t)

TO0 = 3;

t = linspace(0, TO, 100);

g= cos(2*pi *t); %on a deja trouver
plot(t,q,"*")

| egend(' Anal ytique');

##: Support of character vectors and strings will be renoved in a
future

rel ease. Use sym objects to define differential equations instead.
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%lq = simplify(diff(qg,t));
Y =1/2*(dgr2+(2*pi) " 2*qh2);
% = sinplify(E);

E = 2*pi 72;

% E est une constante

B = inread(' | M5 0325.jpg");
i nrshow( B) ;
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clf;

dt =0. 01;

t =0: dt: TO;

q0=1;

dq0=0;

A=[1,dt; -WO"2*dt, 1];

U(:, 1) =[q0; dqo] ;

for j=1:(length(t)-1)
U(:,j+1)= A*U(:,j);

end

g = cos(W*t);

plot(t,q," *" ,t,U1,:));

l egend(' Anal ytique',"Euler explicit');
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clf;
dt 1=0. 01;
dt 2=0. 003;
dt 3=0. 0015;
dt 4=0. 001;
t 1=0: dt 1: TO;
t 2=0: dt 2: TO;
t 3=0: dt 3: TO;
t 4=0: dt 4: TO;
q0=1;
dq0=0;

Al=[1,dt1; -Wnr2*dt1l, 1];

U1(:, 1) =[q0; dqo] ;

for j=1:(length(tl)-1)
Ul(:,j+1)= AL*UL(:,]j);

end

gl = cos(W*t1);

A2=[1,dt2; -W"2*dt2,1];

u2(:,1)=[q0; dqo] ;

for j=1:(length(t2)-1)
U2(:,j+1)= A2*WU2(:,j);

end

g2 = cos(W*t2);

A3=[1,dt3; -W"2*dt3, 1];

U3(:,1)=[q0; dqo] ;

for j=1:(length(t3)-1)
U3(:,j+1)= A3*U3(:,j);
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2.4

end
g3 = cos(W*t 3);
Ad=[ 1, dt4; -Wr2*dt4,1];
U4(:, 1)=[q0; dq0] ;
for j=1:(length(t4)-1)
UA(:,j+1)= AM*WUA(:,]);
end
g4 = cos(W*t4);
subpl ot (2, 2, 1)
plot(tl,ql,t1,UL(1,:))
| egend(' Anal ytique',"' Euler explicit,dt1=0.01")
subpl ot (2, 2, 2)
plot(t2,92,t2,U2(1,:))
| egend(' Anal ytique', "' Euler explicit,dt2=0.003")
subpl ot (2, 2, 3)
plot(t3,93,t3,U3(1,:))
| egend(' Anal ytique',' Euler explicit,dt3=0.0015")
subpl ot (2, 2, 4)
plot(t4,q94,t4,U(1,:))
| egend(' Anal ytique', "' Euler explicit,dt4=0.001")
%n peut voir que plus |le pas de tenps ?t est petit,
di vergence est | ent

plus |a

— Analytiqua / — Analytiqua
Euler explicit,dt1=0.01 1 Euler explicit,dt2=0.003
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clf
for j=1:length(t)

. E1(j)=1/2*(U(2,j)*U2,])+4*pi *pi *U(1,])*U1,]));
en
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for j=1:1ength(t4)
EA(j)=1/2*(UA(2,j)*UA(2,])+4*pi *pi *UA(1,j)*U4(1,]));

end

plot(t, ELl, t4, E4)

| egend(' E explicite dt=0.01"',"E explicite dt=0.001")

%n peut voir que E explicite est plus grande que celle calcul ée a
partir de la solution exacte. Et elle n'est pas une constante

% augnment nmoins vite si dt est plus petit et devient plus prés avec E
exact e.

65 T T T T T
— E explicite dt=001
— E explicite dt=0.001
60 - 4
55 4
50 - 4
45 - 4

val 1=ei g( Al)

val 2=ei g( A2)

val 3=ei g( A3)

val 4=ei g( A4)

% On voit que |le schema d' Euler explicite est toujours instable

% | es val eurs absol ues des val eurs propres sont plus grandes si dt est
pl us grandes

val 1l =

1. 0000 + 0.0628
1.0000 - 0.0628i

val 2 =
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=

. 0000 + 0.0188i
1.0000 - 0.0188i

val 3

=

. 0000 + 0.0094i
1.0000 - 0.0094i

val 4

=

. 0000 + 0.0063i
1.0000 - 0.0063i

dt =0. 01,

t=0:dt: TO;

B=[ 1, -dt; W~2*dt, 1];

B=i nv(B);

Uin(:, 1)=[q0;dq0];

for j=1:(length(t)-1)
Un(:,j+1)=B*Un(:,j);

end

plot(t,Um1,:),t,q)

hol d on;

| egend(' Euler inplicite dt=0.01"," Solution exacte')
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3.2

3.3

clf;

plot(t,U1,:),t,Uumlil,:),t,q)
| egend(’ Eul er explicite', " Euler

inplicite',' Solution exacte')
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clf;
plot(t,Uim1,:))
hol d on;
n1=1000;

dti ml=TO/ n1;

ti m=0:dtiml: TO;

U mi(:,1)=[q0;dq0];

Bl=[1, -dtinl; W"2*dtimt, 1];

Bl=i nv(Bl);

for j=1:(length(tim)-1)
Um(:,j+1)= B1*U ml(:,j);

end

plot(tinl, Um(1,:))

hol d on;

n2=2000;

dti n2=TO0/ n2;

ti m2=0:dtinR2: TO;

U n2(:, 1)=[q0; dqo];
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B2=[ 1, -dtinR; W"2*dting, 1];

B2=i nv(B2);

for j=1:(length(tinR)-1)
Un2(:,j+1)= B2*U n2(:,j);

end

plot(tinR, Un2(l,:))

hol d on;

n3=3000;

dti nB=TO/ n3;

ti m8=0: dti nB: TO;

Ui n8(:, 1)=[q0;dqo0];

B3=[ 1, -dti nB; W"2*dtinB, 1];

B3=i nv(B3);

for j=1:(length(tinB)-1)

Und(:,j+1)= B3*U nmB(:,j);

end

plot(tinB, U nB(1,:))

hol d on;

plot(t,q)

| egend(' Euler inplicite n=300","' Euler inplicite n=1000"," Eul er
implicite n=2000"," ' Euler inplicite n=3000","' Solution exacte')

%En testant différents pas de tenps, on peut voir que un anortissenment
num ?eri que

% On pourra renarquer cependant que plus |le pas de tenps ?t est petit,
plus |’ att ?enuation des oscillations est faible.

— Euler implicita n=300

i ——— Euler implicita n=1000

sl f/ . N ) Euler implicite n=2000

/ b\ — Euler impiicite n=3000

Solution exacte
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3.4

3.5

clf;
for j=1l:length(t)

Eimp(j)=1/2*(Uinm(2,j)*Uim2,j)+4*pi*pi*Uml,j)*Uml,j));

end

pl ot (t, E1)

hol d on;

pl ot (t, Ei mp)

hol d on;

Eexa(l: 1l ength(t))=E;

pl ot (t, Eexa)

l egend(' E explicite' ,"E inplicite','E exacte")

70 I | | | I
— E explicite
——— E implicite
E exacte
! J
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’/
e
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-
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10 -_ _______________ |
0 : I | | I
0 0.5 1 15 z - 3

val i nrei g( B)

val i ml=ei g( B1)

val i n2=ei g( B2)

val i nB=ei g( B3)
%uand dt est
est toujours stable

%rmai s quand dt est moins de 0.001,1e schema d' Eul er
touj ours instable

valim=

plus de 0.0015 On voit que |le schema d' Eul er

implicite

inmplicite est

11
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4.1

4.2

0.9961 + 0. 0626i
0.9961 - 0.0626i

valiml =
0.9996 + 0.0188i
0.9996 - 0.0188i
valim =
0.9999 + 0. 0094i
0.9999 - 0.0094i
valinmB =

1. 0000 + 0.0063i
1. 0000 - 0.0063i

% =g dx=dq

9X=[ x; dx]

oM =110, 1, -W" 2, 0]

%X = M* X

%Afin d obtenir une formul ati on adapt ée aux schémas du prem er ordre.

clf;
dt = 0.01;
t=0:dt: TO;

cs[0,1; -W"2,0];
Urk(:,1)=[q0; dqo] ;
for j=1:(length(t)-1)
k1=C*Urk(:,j);
k2=C*(Urk(:,j)+1/2*k1*dt);
k3=C*(Urk(:,j)+1/2*k2*dt);
k4=C*(Urk(:,j)+k3*dt);
Uk(:,j+1)= UKk(:,j)+1/6*dt*(kl+2*k2+2*k3+k4);
end
plot(t,Uk(1,:));
| egend(' Runge-Kutta dt=0.01")

12
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clf;
plot(t,Uk(1,:))
hol d on;
plot(t,U(1,:))
hol d on;
plot(t,U m1,:))
hol d on;

plot(t,q,' *")

| egend(' RUNGE KUTTA',"' Euler explicite',"' Euler
exacte')

inmplicite',' Solution
%on peut voir que Runge Kutta est

plus pres du solution exacte

13
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clf;

for j=1l:length(t)
Erk(j)=1/2*(Urk(2,j)*Urk(2,j)+4%pi*pi*Urk(1,j)*Uk(1,j));

end

pl ot (t, Erk)
hol d on;

pl ot (t, E1)
hol d on;

pl ot (t, Ei mp)
hol d on;

plot(t, Eexa,'*

")

| egend(' E Runge Kutta','E explicite' ,"Einplicite','E exacte")
E de Runge Kutta est plus pres du solution exacte

%on peut voir

14
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clf;
w0 = 2*pi;
n=300; dt =TO/ n;
t =0: dt: TO;

ganmal=0. 5; bet a1=0. 25;
Bnewrl=[ 1+bet al*dt * dt *w0*w0, 0; gamal*dt *w0*w0, 1] ;
Cnewnil=[ 1- (0. 5- bet al) *dt *dt *w0*w0, dt; -(1-gamal)*dt*wo*wO0, 1];
Anewntl=i nv( Bnewrl) * Cnewrl; % La natrice d"anplification
Unewrl(:, 1) =[ q0; dqO0] ;
for j=1:(length(t)-1)
Unewnd(:,j +1) =Anewrl* Unewrl(:,j);
end
pl ot (t, Unewntl(1,:))
I egend(' Newnmar k1')

15
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clf;
plot(t,Unewrl(1,:),' 0")
hol d on;
plot(t,Uk(1,:))
hol d on;
plot(t,U(1,:))
hol d on;
plot(t,Um1,:))
hol d on;

plot(t,q,' *")

| egend(' Newmar k1", ' RUNGE KUTTA','
inmplicite',' Solution exacte')

16
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5.1.3

o Mewmarki
AUNGE KUTTA
Euler exglicite

—— Euler implicite |
#  Solution exacte

for j=1l:length(t)

Enewrl(j ) =1/ 2* (Unewrl( 2, ) *Unewnl(2, ) +4*pi *pi *Unewrl(1,j)*Unewrl(1,j));

end

clf;

plot(t, Enewrl, ' 0")
hol d on;
plot(t,Erk, o)
hol d on;

pl ot (t, E1)

hol d on;

pl ot (t, Ei mp)

hol d on;

plot(t, Eexa,'*")

| egend(' E newmarkl' ,' E Runge Kutta','E explicite' ,"E inplicite' ,'E

exacte')
% e schema de NEWWMARK gama=0.5 beta=0.25 et
%es deux converge vers la solution exacte

| e schema de RUNGE KUTTA

17
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5.1.4

clf;
dt 514=0: 0. 01: 1;
for j=1:1ength(dt514)

Bnewnrb14{ 1, j} =[ 1+bet al*dt 514(j ) *dt 514(j ) *w0*w0, O; gamal*dt 514(j ) *w0*w0, 1] ;
Cnewrb14{1,j}=[ 1- (0. 5-betal)*dt 514(j ) *dt 514(j ) *w0*w0, dt 514(j); -

(1-gamal) *dt 514(j ) *wo*wO0, 1] ;
Anewnbl14{1,j}=i nv(Bnewnrbl4{1,j})*Cnewnbl4{1,]j};
VPA514(:,j)=ei g( Anewnb14{1,j});
nodul eVP(j ) =sqgrt(real (VPA514(1,]j))"2+i mag( VPA514(1,j))"2);

end

pl ot (dt 514, nodul eVP)

hol d on;

pl ot (dt 514, real (VPA514(1,:)))

hol d on;

pl ot (dt 514, i mag( VPA514(1,:)))

| egend(' nodule', " partie reelle',"'partie imaginaire')

%l us le pas de tenps dt est petit, plus la partie reelle est petit

% a nodul e ne change pas avec dt

18
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5.2.1

clf;

n=300; dt =TO/ n;

t =0: dt: TO;

gama2=0. 5; bet a2=0;

Bnewr2=[ 1+bet a2* dt * dt *w0*w0, 0; gama2* dt *w0*w0, 1] ;

Cnewn?=[ 1- (0. 5- bet a2) *dt *dt *w0*w0, dt; -(1-gama2)*dt*wo*wo0, 1];

% La matrice d anplification

Anewn2=i nv( BnewnR) * Chewn®;

Unewr2(:, 1) =[ q0; dq0] ;

for j=1:(length(t)-1)
Unewn2(:,j +1) =Anewm2* Unewn2(:,j);

end

pl ot (t, Unewn2(1,:))

| egend(' Newnmar k2")

19
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5.2.2

clf;

pl ot (t, Unewn2(1,:)," *")
hol d on;

plot(t,Unewrl(1,:),' 0")
hol d on;

plot(t,Uk(1,:),"*")
hol d on;

plot(t,U(1,:))
hol d on;

plot(t,Um1,:))
hol d on;

plot(t,qg, ' 0")

| egend(' Newmar k2' , ' Newmrar k1',' RUNGE KUTTA',' Eul er explicite','Euler
inmplicite',' Solution exacte')

% On peut voir que les solutions a partie des schemas de NEWWVARK et

RUNGE- KUTTA beaucoup plus pres avec |a solution exacte

20
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%t =0. 2
clf;
dt 1=0. 2;
t 1=0: dt 1: TO;

gamal=0. 5; bet a1=0. 25;
Bnewrl=[ 1+bet al*dt 1*dt 1*w0*w0, 0; gamal* dt 1*w0*w0, 1] ;
Cnewrl=[ 1- (0. 5- bet al) *dt 1*dt 1*w0*w0, dt 1; - (1-ganal)*dt 1*w0*w0, 1];
% La matrice d anplification
Anewrl=i nv( Bnewrl) * Cnewnl;
Unewrl5231(:, 1) =[ q0; dq0] ;
for j=1:length(t1l)
Unewml5231(:, j +1) =Anewrl* Unewml5231(:,j);
end
Unewrl5231(:, length(t1)+1)=[];
gama2=0. 5; bet a2=0;
Bnewn2=[ 1+bet a2*dt 1* dt 1* w0*w0, 0; gama2* dt 1*w0*w0, 1] ;
CnewrR=[ 1- (0. 5- bet a2) *dt 1*dt 1*w0*w0, dt 1; - (1-gana2)*dt 1*w0*w0, 1];
% La matrice d anplification
Anewn2=i nv( Bnewm) * Cnewn?;
Unewr25231(:, 1) =[ q0; dq0] ;
for j=1:length(t1l)
Unew25231(:, j +1) =Anewr2* Unew25231(:,j);

end
Unewr25231(:,length(t1)+1)=[];
figure(l)

pl ot (t1, Unhewl5231(1,:))

hol d on;

21
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pl ot (t1, Uhew5231(1,:))

hol d on;

plot(t,q)

| egend(’ Newmar k1", ' Newmar k2' , " Sol uti on exacte')
title('dt=0.2")

%t =0. 5
dt 2=0. 5;
t 2=0: dt 2: TO;
gamal=0. 5; bet a1=0. 25;
Bnewnil=[ 1+bet al*dt 2*dt 2* w0* w0, 0; gamal*dt 2*w0*w0, 1] ;
Cnewnl=[ 1- (0. 5- bet al) *dt 2*dt 2*w0*w0, dt 2; - (1-gamal)*dt2*w0*w0, 1] ;
% La matrice d anplification
Anewrl=i nv( Bnewrl) * Cnewrl;
Unewrl5232(:, 1) =[ q0; dq0] ;
for j=1:1ength(t2)
Unewnl5232(:,j +1) =Anewrl* Unewml5232(:,j);
end
Unewrl5232(:,length(t2)+1)=[];
gama2=0. 5; bet a2=0;
Bnewn25=[ 1+bet a2*dt 2* dt 2* wO* w0, O; gama2* dt *wo*wO0, 1] ;
Cnewn2=[ 1- (0. 5- bet a2) *dt 2*dt 2*w0*w0, dt 2; - (1- gama2)*dt2*wo*w0, 1] ;
% La matrice d anplification
Unewm25232(:, 1) =[ q0; dq0] ;
for j=1:1ength(t2)
Unewn25232(:, j +1) =Anewr2* Unewn25232(:,j);
end
Unewm25232(:, length(t2)+1)=[];
figure(2)
pl ot (t 2, Unewnl5232(1,:))
hol d on;
pl ot (t 2, Unewn25232(1,:))
hol d on;
plot(t,q)
| egend(’ Newmar k1", ' Newmar k2' , " Sol uti on exacte')
title('dt=0.5")
%n peut voir que si |le pas de tenps est tres grand, |es solutions ne
converge pas bien avec |la solution exacte.
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linéaire &un degré de liberté

0.6

06

1.5

-1

0.3

23




Oscillateur conservatif
linéaire aun degré de liberté
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5.2.4

clf

close all

dt 524=0: 0. 0001: 1;

for j=1:1ength(dt524)

Bnewnrb24{ 1, j } =[ 1+bet a2*dt 524(j ) *dt 524(j ) *w0*w0, 0; gama2*dt 524(j ) *w0*w0, 1] ;

Cnewnrb24{1,j }=[ 1- (0. 5- bet a2) *dt 524(j ) *dt 524(j ) *w0*w0, dt 524(j ) ;

(1-gama2) *dt 524(j ) *w0*w0, 1] ;
Anewnb24{1, |} =i nv(Bnewnb24{1,j})*Cnewnb24{1,]};
VPA524(:,j)=ei g( Anewmrb24{1,j});
nodul eVP2(j)=sqrt(real (VPA524(1,j)) 2+ mag( VPA524(1,j))"2);

end

pl ot (dt 524, nodul eVP2)

hol d on;

pl ot (dt 524, real (VPA524(1,:)))

hol d on;

pl ot (dt 524, i mag( VPA524(1,:)))

| egend(' nodul e', ' partie reelle', ' partie imaginaire')

syns dt 5240 w0

Bnewrb240=[ 1+bet a2*dt 5240* dt 5240* w0* w0, 0; gama2* dt 5240* w0* w0, 1] ;
Cnewrb240=[ 1- (0. 5- bet a2) *dt 5240* dt 5240*w0* w0, dt 5240; - (1-
ganma2) *dt 5240*w0* w0, 1] ;

24



Oscillateur conservatif
linéaire &un degré de liberté

Anewn5240=i nv( Bnewr5240) * Cnewn5240;
VPA5240=ei g( Anewn5240)

% | e pas de tenps de critique est 1/pi
% donc al pha=1

VPA5240 =

1 - (dt5240*W0* ((dt5240*W0 - 2)*(dt5240%w0 + 2))~(1/2))/2 -
(dt 52407 2*W0"2) / 2

(dt 5240*w0* ((dt 5240*W0 - 2)*(dt 5240%w0 + 2))7~(1/2))/2 -

(dt 524072*w0n2) /2 + 1

-10
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